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S I M P L E  WAVE E Q U A T I O N S  OF 

OF A GAS - D U S T  M I X T U R E  

V. V. Z h o l o b o v  and  L .  G. 

O N E - D I M E N S I O N A L  M O T I O N  

Z h o l o b o v a  UDC 532.529 

~1. The equations of one-dimensional nonstationary motion of a ga s -dus t  mixture [1] can be written in 
the following form: 

o 0 
Ot vl -- ~ ul = O, (1.1) 

o o o o _,_ o 
vl ~-v2 ~- (u 2 ~ ~- ul ~ P = -- Vlf12 , - uD ~ vs - vs us ---- 0,  

a o 
v: W us + (us - u : ) ~  us = vo.vdls, 

o o 
•I "~-  P "~ ~P " ~  •1 : (~ - -  l )  Vlfl2 (U 1 - -  US) - -  ~1 ( r l  - -  T2), 

8 0 
ol W r2  + (us - u D - ~  r~ = ~svl ( r l  - T2), 

vxd~ = do: - -  u~dt,  

where ui, vi, and T i are the velocities, specific volumes, and temperatures  of the phases (the subscript 1 re -  
fers  to the parameters  of the gas); p is the pressure ;  fl2 is the volumetric force due to the interaction between 
the gas and the particles as a resul t  of frictional forces;  and 7 is the ratio of the specific heat capacities of the 
gas. The coefficients ~ i have the form 

where p~ is the true density of the second phase, d is the diameter of the part icles;  X l is the thermal  conduc- 
tivity; and Nu is the Nusselt number. The te rms reflecting the force interaction and thermal  interaction be- 
tween the phases are expressed in concrete form as follows [2]: 

Tomsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki ,  No.. 3, pp. 54-61, May- 
June, 1978. Original article submitted February 1, 1977. 
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Nu = 2 + 0.6 Rel/= Prl/a, P r =  % ~ , t ~ . i ,  

Re --  I u l - -  u= I d fie 3 ca (u l -  u=) I u , - -  u= I 7 ----~ 
~tiv i 4 d f)Ovavl 

w h e r e  Cp, Pi ,  :rod c d a r e  the  s p e c i f i c  h e a t  c a p a c i t y  at  c o n s t a n t  p r e s s u r e ,  the  d y n a m i c  v i s c o s i t y  of  the  gas ,  and 
the  c o e f f i c i e n t  of  head  r e s i s t a n c e  of  s p h e r i c a l  p a r t i c l e s .  H e r e a f t e r  we s h a l l  u s e  the  f o l l o w i n g  r e l a t i o n  be tween  
c d and the  R e y n o l d s  c r i t e r i o n ,  a s  g iven  in [3]: 

24 
cd = ~ (t  -5 0.197 Re ~ - -  2.6.10 -~ Re~,as). 

The s y s t e m  (1.1) is c l o s e d  by the  r e l a t i o n s  

p v l = R T 1 ,  p~ = const, ~t i = p ~ 1 7 6  

w h e r e  m is a c o n s t a n t  which  d e p e n d s  on the  n a t u r e  of  the  g a s .  

In the  s y s t e m  (1.1) we p a s s  to d i m e n s i o n l e s s  q u a n t i t i e s  in a c c o r d a n c e  with the f o r m u l a s  

* , o * (1.2) ~ ,  = ~vOll o, p ,  = p l ? p o ,  v~ = v~,v~,  u~ = u~/a  ~ 

= T ~ / T  ~ t*  == a ~  ~ a*  = a / a  ~ f i2 = ( l ~ 1 7 6  

a~ = "~P ~176 ~*~ = ~ l ~  R a ~  ~2 = 1~ a~ 

w h e r e  the  s u p e r s c r i p t  0 i n d i c a t e s  the  i n i t i a l  p a r a m e t e r s  of  the  m i x t u r e ;  l ~ is  the  c h a r a c t e r i s t i c  d i m e n s i o n ,  
The f o r m  of  the  s y s t e m  (1.17 does  not  change ,  and h e r e a f t e r  we s h a l l  o m i t  the  a s t e r i s k .  

A s s u m i n g  tha t  a l l  the  d e s i r e d  func t ions  depend  on One l e v e l  func t ion  [4], and u s i n g  the v e l o c i t y  of  the  g a s  
as th i s  l e v e l  func t ion ,  f r o m  the  f i r s t  and n e x t - t o - t h e - l a s t  equa t i ons  of  the  s y s t e m  (1.1) we f ind 

O (~ --  i) h,vi (ul --  u2) - -  ~l (TI --  T2) (1.3) 
0t ul -- d p dv 1 ' 

.Yl du i " 7 7 P  du 1 

Oul ~ d~,l au i  
O~ du 1 Ot " 

Equa t ing  the m i x e d  d e r i v a t i v e s ,  a f t e r  s o m e  s i m p l e  t r a n s f o r m a t i o n s  we ob ta in  the  i n t e g r a b i l i t y  cond i t ion  
fo r  (1.3) in the  f o r m  

d v l / d u  i ---- 6 = const. (1.47 

Subs t i t u t i ng  (1.3) into the  r e m a i n i n g  equa t i ons  of  the  s y s t e m  (1.1), we o b t a i n  the  fo l lowing  s y s t e m  of  o r d i n a r y  
d i f f e r e n t i a l  equa t i ons :  

v dr2 , , dr1 dr2 d %  dv~ = 0; (1.5) 
I~T,(U2--Ul) du i du 1 V2 du i du 1 

dug [, . du 2 , dp  ] 

dug v2fl2 dT  2 �9 
dul ~ ( T z -  T2)du i '  (1.7) 

[ v~ dp ~ ~ d~l ] _ ~  ~ - -  T 0  

, aT, (1.8) 
[ ~ . ( T i -  T2)} dh~ " 

It  can  be s e e n  tha t  the  s y s t e m  (1.4)-(1.87 h a s  the  i n t e g r a l s  

vi=~ui+Ci, v2=C~(6u~+Ci), P=Cs---~- ui+ ~u~, (1.9) 

w h e r e  Ci ,  C2, and C 3 a r e  a r b i t r a r y  c o n s t a n t s .  Tak ing  account  of  (1.9), we can  r e d u c e  the  s y s t e m  (1.4)-(1.8)  to 
two o r d i n a r y  d i f f e r e n t i a l  equa t i ons  o f  f i r s t  o r d e r :  

dug v2fl~ dT~ 
dul = ~ (T1 - -  T2) du l  ' (1.107 

dT~ 

tilt1 - -  (~u~ - ~  C1)  { /12pl  [ ( ~  - -  i )  (i t  1 - -  u , )  - ~  p l /~V2]  - -  61 ( Z i  - -  ~/~g)}" 
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The level function is de te rmined  f rom (1.3), taking account of (1.4): 

y \ aui au i  I 
t + s g =  (~,_i;;,~--~TT~(,T-_,-gTL-_T_~,(_.~._T;) +c , .  

0 

(i.il) 

Thus, the simple wave descr ibed the s e l f - s imi l a r  motion determined by the t r ans fe r  group [5]. For  
numer ica l  calculations,  it is preferable  to use the var iable  ul instead of (t ~5~), since the range of integration 
becomes  finite. 

~2. We shall make use of the resul t ing relat ions to descr ibe  the motion occur r ing  in f ront  of a piston 
which moves according to a specified law into a mixture which is initially at res t .  On the curve ~ = - (l~)t  we 
specify the following conditions: 

u l = 0 ,  u~=0 ,  v l = l ,  v 2 ~ v  ~ T : = l ,  T ~ = I ,  p = t / ~ .  (2.1) 

We assume that the collision of the par t ic les  with the piston surface is absolutely inelastic and that the 
par t ic les  hitting the piston surface  form a layer  in a dense-packed state (a film). Using this model of the in- 
teract ion between the par t ic les  and the piston surface leads to the following boundary conditions for the su r -  
face of the layer:  

= 0 ,  x = x+ + A ,  u i = u+ + d h / d t ,  

where x+ and u+ are the coordinate and veloci ty of the piston, respec t ive ly ;  A is the thickness of the layer  (the 
film), determined f rom the differential  equation 

da u,--u,  ( A = 0 ,  t = 0 )  (2.2) 
dt '' -~ o * 

v.~P2e 2 

( ~  is the volumetr ic  content of par t ic les  in the dense-packed state). The p r e s s u r e  in the film is distr ibuted 
according to the law 

* 0 0 p+ = p ~- Ap -- s2p2 (6 - -  x)  --~ u+, 

where Ap is the local increase  in p re s su re ,  by which we mean the p r e s s u r e  exerted by a par t ic le  on the surface 
of the layer  upon collision [6], calculated according to the formula  

Ap = ~l(Ul - -  u z)2lv~. 

Taking account of  (2.1), we find f rom (1.9) that 

0 Ci = l, C~ = v2, C3 = 117, C4 = 0. (2.3) 

F r o m  the conditions of kinematic consis tency it follows that ~ = - 1 .  

Thus, the solution of Eqs. (1.10) and (2.2) with the initial conditions u2(0)=0, T2(0)=1, 4 (0 )=0  and the r e -  
lations (1.9), (1.11), and (2.3) descr ibe  the flow of a g a s - d u s t  mixture occur r ing  in front of a piston moving 
according to the law 

( ,tp ~,p-~-'~d,,~ 
~' (~+) ~'~ ~ + d~l ) 

t = (2.4) 
J (~ - -  I) 11,vI (u~ - -  us) - -  ~i (Ti  - -  T d  ' 
0 

u I ~ u 2 

~1 ~ / ~ +  + 0 * 
v~P2~ 2 

into a mixture which is initially at res t .  

We m a r k  the p a r a m e t e r s  of the flow taking place in an equil ibrium mixture in front of a piston moving 
inward according to the law (2.4) with a subscr ipt  as ter isk .  The equil ibrium flow of a dusty gas is descr ibed  
by the :c lass ica l  equations of gasdynamics ,  but y - the ratio of the specific heat capacit ies  - is replaced by some 
effective value 

ep -'k %lv ~ 
V* = % + c~l,O, 
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and the densi ty is taken to mean the total densi ty of the mixture  [7]. Making use of a solution of  the s imple-  
wave type [4], we can sa t is fy  the boundary condition on the piston and the initial conditions (2.1) on the curve  

=t~.  As a resul t ,  we obtain 

p , =  + ~  . , 

~o ;l ~*=2 ~au,} ~/('-''~, ~ ,=~+~ + ~  
{ }' §  + oo) 

t - -  a i + Z ~  au,  ~=  r (u,), a = o 
T*~ 2 

The function ~(u. ) is de termined  f rom (2.4) if we se t  t = ~(u, ). In the case of a clean gas, in the choice 
of the d imens ionless  quantit ies in the fo rm (1.2), the solution of  the fundamental sys tem of equations sat isfying 
the boundary condition on the piston and the initial conditions (2.1) on the curve  ~ =t has the fo rm 

(2.6) p = + { i  + ~ u ~ - - t  ~2y/(~-t),v = { l  -4- Z~-~u} 2/(l-v), 

Numer ica l  calculations were  ca r r i ed  out for  A---0 and the following values  of  the thermodynamic  p a r a m -  
e t e r s  of the phases:  Cp = 1047.5 JAcg" deg; c2 = 800 J /kg .  deg; d = 10 -s m; X 1 = 0.05 J / m .  sec"  deg; #0 = 1 .86 .10  -s N.  
sec/m2; R=287.29 J /kg-  deg; l~  m; T~= T~=300~ p=~0 -5 N/m2; y =1.4; m=0 .5 ;  and v~ 

F igures  1 and 2 show the distr ibut ions of  t e m p e r a t u r e s  and p r e s s u r e s  along the line of the piston, r e -  
spect ively .  Curves  1 and2 will h e r e a f t e r  co r respond  to the p a r a m e t e r s  calculated by formulas  (2.5) and (2.6), 
curve  3 to the p a r a m e t e r s  of the gas, and curve  4 to the p a r a m e t e r s  of the par t i c les .  In the case under con- 
s iderat ion,  formulas  (2.5) yield an e r r o r  of not more  than 4% in the determinat ion of the mixture  t empera tu re .  
It should be noted that the solution (2.5), (2.6) is valid to the t ime when a shock wave is formed,  i .e. ,  in the 
region bounded by the s t ra ight  lines ~ =0, ~ =t~z (or ~ =t) and the corresponding cha rac t e r i s t i c  passing through 
the point of format ion of the shock wave. 

w If there  is no dynamic disequi l ibr ium (u 1 =u2), the conditions (2.1) are  given along the curve ~---- 
~ t .  In this case  we obtain the resu l t s  known f rom [5]: 

t + bu~, vl = i - -  bu~, v= = v~ p = ~ -  

b=(V + i) .,. ~,(~,-- i) b = ~ l + ~ ,  A = O, r = = i + T = , ,  a =  ~R~, o ' _ _  v~  

JJ 

In the l imit ing case  c2= oo (3/, =1, T 2 =1), instead of  (2.5) we have 

p ,  = (i/7) exp au,, v, = (i/b =) exp (--au,),  

t - -  a ~  e x p  ( - -au, )  = ffP(u,). 

The dis tr ibut ions of the gas t e m p e r a t u r e  and the p r e s s u r e  in this case are  shown in Figs.  3 and 4. 

If the re  is no t he rma l  disequi l ibr ium between the phases  (T~ = T 0 ,  then instead of  the f i r s t  equation of 
(1.10) we have 

(3.1) d=,. y6CsCs - -  ~=(ut + =2/CO- - (u t+Cl lS)C.  
d= 1 (~ .-- i) (ul -- u=) + =I + C,15 

Taking account of (2.1), we can wri te  the solution of Eq. (3.1) as follows: 

u, t ' -  1" + { -  + 
V =-t- (v = - -  l ) v  ~ 

328 



where w0=-v~(5, .1)/~/ .  In this case ,  f r o m  (1.3), (2.2), (1.11), and (2.4) we obtain the solution of the prev ious ly  
formula ted  p r o b l e m  in quadra tu re s .  F igure  5 shows the graph of the coeff icient  of s l ippage of the phases ,  k = 
u J u , .  

In the case  u 2 =0, instead of Eqs.  (1.6), (1.7), we obtain a single equation: 

d p dv 1 

t ions 
The solution of the p rev ious  p rob l em  reduces  to the s imul taneous  integrat ion of Eq. (2.2) and the equa-  

du"--i ( T x - -  Te)~2 "~1 '  

dTg ~J~(~,p ~ u i - -  l) (T1 - -  T2) (i -- ul) 
dul -~ [}1(T1-- T2) -~ (l -- ul) (i -- ?ul)/l~ 

with the initial  conditions 

p(0) = i /?,  T~(0) = 1, a(0) = 0. 

w In a two-ve loc i ty  and t w o - t e m p e r a t u r e  medium,  unlike a one-ve loc i ty  o n e - t e m p e r a t u r e  medium,  we 
obse rve  a l ayer ing  of c h a r a c t e r i s t i c s  and level  curves ,  as  is  typica l  of equat ions with finite r ight  s ides .  In 
c l a s s i ca l  gasdynamics ,  and also for  nonequi l ibr ium flows [8], thepo in t  where the shock wave a r i s e s  is the point 
of in te rsec t ion  of the n e a r e s t  c h a r a c t e r i s t i c s  of one family .  The posi t ion of the f i r s t  point of  in tersect ion on 
the initial  c h a r a c t e r i s t i c  is de te rmined  by the p a r a m e t e r s  of the gas  and the acce le ra t ion  of the piston at the 
init ial  instant  of t ime .  ~The d i f fe rent ia l  equation of the family  of c h a r a c t e r i s t i c s  to which the initial ch a r ac -  
t e r i s t i c  ~ = - 6 t  belongs can be wri t ten in the fo rm 

dzldt  ---- t -]- V~p(ullz)) /v~(~tl(z))  , z - -  ~ ~- St.  (4.1) 

If  one of the re laxat ion  p r o c e s s e s  is not p resen t ,  the function on the r ight  side of (4.1) sa t i s f i es  the conditions 
of P i c a r d ' s  t h e o r e m  in the region 0 <t, 0 -  < z -  < t. In this region,  Eq. (4.1) has a unique solution , which ensu re s  
that  the re  will be no shock waves  in the region of the flow. 

Trans i t ion  to an iner t ia l  s y s t e m  of coordina tes ,  moving with r e spec t  to the l abo ra to ry  s y s t e m  with 
ve loc i ty  U = -  ]/5,  r educes  the fundamental  s y s t e m  of equations in the case  of a s imple  wave to the s ta t ionary  
fo rm.  This enables  us to use the r e su l t  of [9], where  it is shown that for U = - 1  the cor responding  flows 
desc r ibe  the motion of a mix tu re  of the "continuous shock wave" type.  Thus, the flows cons idered  he re  con- 
st i tute an example  of  uninter rupted  c o m p r e s s i o n  flows, the poss ib i l i ty  of whose exis tence  was shown in [8, 10]. 

The re la t ions  (1.9)-(1.11) a re  of spec ia l  in te res t  f rom the viewpoint of conf i rming numer i ca l  methods 
for the calculat ion of nons ta t ionary  motions of an aeroeol lo id .  
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I N T E R N A L  W A V E S  G E N E R A T E D  BY L O C A L  D I S T U R B A N C E S  

IN A L I N E A R L Y  S T R A T I F I E D  L I Q U I D  O F  F I N I T E  D E P T H  

I .  V.  S t u r o v a  UDC 532.593 

~1. In o r d e r  to investigate the internal  waves caused by the elongation of an axially s y m m e t r i c  body 
moving hor izonta l ly  at constant veloci ty  U in a s t ra t i f ied  liquid, we consider  the s ta t ionary  problem of the flow 
of a uni form s t r e a m  of heavy liquid of finite depth past  apoin t  source  and sink of equal magnitude m which are  
si tuated below the f ree  sur face .  The method of solving this problem is analogous to [1], in which we invest i-  
gated the case of an unbounded liquid. 

The source  and sink are si tuated at a depth h below the unper turbed f ree  su r face ,  y = 0 ,  of the hor izonta l  
layer  of liquid, - r x~ z < ~o, - H  - y -  0. The line s e g m e n t  connecting the s ingular i t ies  is of length 2a and 
para l l e l  to the x axis, which coincides with the d i rec t ion of the veloci ty  vec to r  of the liquid far  ups t ream.  In 
the unper turbed state  the distr ibution of the liquid densi ty has the fo rm 

P0(Y) = 98(1 --  c~y), - -H ~ y ~.~ 0, ~ = cons t~  0. (1.I) 

We assume that for  sufficiently deep immers ion  and weak s t ra t i f icat ion,  the flow past  this combination of 
source  and sink is equivalent  to the flow past a closed axially s y m m e t r i c  body (analogous to an unbounded 
homogeneous liquid). The radius R of  the midsect ion,  the elongation d of the body, and the veloci ty  U of the 
fundamental s t r e a m  uniquely de te rmine  the values of a and m [1]. 

fo rm 
In the l inear  formulat ion,  making use of the Boussinesq approximation,  the equations of motion have the 

(1.2) OulOx. + avlOy + ow/az = mIa(x + a) -- 6(x --  a)16(y + h)~(z), 

9s UOu/Ox = --ap/ax,  p~ USv/Ox = --op/oy - -  gp, p~ Uaw/Ox = --apOz, 

UOp/Ox ~ apsv = 0 

with the boundary conditions 

v = 0 ,  y = 0 ,  y = - - H ,  u, v, w, p, P - ~ 0 ,  x*~-z:--~co,  

where  u, v, w, p, and p are  the per turba t ions  of the components of the veloci ty vec to r  in the d i rec t ions  of the 
x, y, and z axes,  the p r e s s u r e ,  and the density which are  caused by the p resence  of the s ingular i t ies  in the 
or ig inal ly  unper turbed flow; g is the acce le ra t ion  of gravi ty;  and 6 is the Dirac del ta  function. 

The f ree  sur face  is replaced b y a  r ig id  Wlid w, shloe for  sufficiently deep immers ion  the sur face  waves 
are  negligibly smal l  and the in te rna l  waves, for  weak s t ra t i f ica t ion,  cause p rac t i ca l ly  no dis tor t ion in the shape 
of the f ree  sur face  [1, 2]." 

The function 7 (x, y, z), de termining the ve r t i ca l  deviat ion of a liquid par t ic le  f rom its unper turbed  state,  
sa t is f ies  the l inear tzed  condition ~ / ~ x  =v/U. 

Introducing the d imens ionless  var iab les  (x , ,  y , ,  z , ,  h . ,  H , ,  7 , ,  a , ) =  (1/R)(x, y, z, h, H, 7, a), (u . ,  v , ,  
w .  ) = (~/U)(u, v, w), and m ,  = m/UR z, we reduce Eq.  (1.2) to a single equation fo r  the function v ,  (the subscr ip t  
a s t e r i sk  will be omit'tbd f rom now on): 

0 5  " o 
Av + SA~.v r a ~  (y + h) o~ = ~ [5 (x  T a) - -  8 (x  - -  a)] 6 (z ) ,  

Novosibirsk.  T r a n s l a t e d  f rom Zhurnal Prikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 3, pp. 61-69, 
May-June,  1978. Original a r t ic le  submitted Apri l  7, 1977. 

330 0021-8944/78/1903-0330507.50 �9 1978 Plenum Publishing Corporat ion 


